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Abstract: Carrier-phase smoothing code (CPSC) is a code-smoothing technology that uses carrier-phase changes to reduce code noise in
Global Navigation Satellite System (GNSS) appliances. Although CPSC performs well in reducing noise and is easy to implement, it is a
trade-off between the reduction of noise and the increase of the variation of ionospheric errors. The width of the smoothing window needs to
be large to reduce noise. However, a wider smoothing window increases the variation of ionospheric errors. To circumvent this dilemma, the
grid ionospheric model (GIM) was used to estimate the variation of ionospheric errors between consecutive epochs, and a noise estimation
method is proposed for low-cost single-frequency receivers. Furthermore, an optimal carrier phase smoothing code (OCPSC) algorithm with
an adaptive width smoothing window is proposed to reduce the noise of Global Positioning System (GPS) data. We found that the OCPSC is
more robust and its positioning performance is better overall for low-cost single-frequency receivers than is the traditional CPSC. In a static
mode, when applying the OCPSC algorithm, the positioning accuracy can be improved by 0.15 m (6%) and 0.06 m (6%) in the horizontal and
vertical directions, respectively. These improvements are 0.08 (3%) m and 0.06 m (1%) when a kinematic mode is applied. DOI: 10.1061/
JSUED2.SUENG-1400. This work is made available under the terms of the Creative Commons Attribution 4.0 International license, https://
creativecommons.org/licenses/by/4.0/.

Practical Applications: The research presented here demonstrates that the OCPSC algorithm effectively addresses the trade-off between
the reduction of noise and the increase of the variation of ionospheric errors. In the OCPSC algorithm, the grid ionospheric model is used to
estimate the variation of ionospheric errors between consecutive epochs, and a noise estimation method is used to estimate noise for low-cost
single-frequency receivers. The OCPSC algorithm was applied to static and dynamic experiments. All results in this paper show that, com-
pared with traditional CPSC, the OCPSC algorithm provides more-accurate positioning results for low-cost single-frequency receivers.
Because future smartphones will integrate GNSS chips, the proposed OCPSC algorithm has great potential to be applied widely to the
market of multiconstellation single-frequency Precise Point Positioning with low-cost smartphones.

Author keywords: Optimal carrier phase smoothing code (CPSC) algorithm; Noise estimation method; Low-cost single-frequency receivers.

Introduction

The Global Navigation Satellite System (GNSS) provides three
types of measurements, namely pseudocode, carrier phase, and
Doppler observations. The pseudocode positioning is one of the

most popular among GNSS users due to its quick and concise
calculation without ambiguity. Although real-time kinematic
(RTK) and differential GPS (DGPS) techniques can converge to
centimeter-level accuracy in a short time after resolving the integer
ambiguity (Abdel-Hafez et al. 2003), they are affected by the base-
line length and ionosphere activity (Spoelstra and Kelder 1984). In
the kinematic positioning mode, centimeter-level accuracy can be
achieved by using Precise Point Positioning (PPP) only when ac-
curate satellite orbits and satellite clocks are available (Gao and
Chen 2004), which is particularly important for real-time PPP
(Li et al. 2016). On the other hand, the positioning accuracy of
single-point positioning (SPP), which provides meter-level accu-
racy in real-time mode, is sufficient in daily use for most GNSS
users. Moreover, low-cost single-frequency (SF) receivers are more
popular in the market because they are cheap and portable, although
they are affected by multipath effects (Verhagen et al. 2010;
Paziewski 2021).

In general, the ranging accuracy of code measurements is only at
meter-level, whereas the ranging accuracy of carrier-phase obser-
vations can reach millimeter-level. To improve the positioning ac-
curacy, carrier-phase smoothing code (CPSC) usually is used to
reduce code noise (Hatch 1982) and it performs well only when
there are no cycle slips in the carrier phase (Bahrami and Ziebart
2010). Although CPSC performs well in reducing noise and is
easy to implement, it is a trade-off between the reduction of noise
and the increase of the variation of ionospheric errors. The width of
the smoothing window needs to be large to reduce noise. However,
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a wider smoothing window increases the variation of ionospheric
errors. Therefore, the performance of the CPSC is related closely to
the selection of smoothing widow width, which is a key parameter.
Park et al. (2008) calculated this width based on the Klobuchar
ionospheric model and noise model according to parameters of a
dual-frequency Trimble 4,000 receiver. Zhang and Huang (2014)
employed the Satellite-Based Augmentation System (SBAS) mes-
sage to implement Park et al.’s method. Zhou and Li (2016) applied
the CPSC algorithm to Doppler observations instead of carrier-
phase observations, and obtained an adaptive smoothing window
width. Park et al. (2017) introduced Kee’s noise model, which re-
quires dual-frequency observations to obtain noise error, and used a
SBAS message to reduce the ionospheric divergence. Thus, they
proposed an optimal smoothing window width for single-frequency
divergence-free Hatch filters. Geng et al. (2019) proposed varying
the CPSC’s window width adaptively according to the three-
threshold detection for ionospheric cumulative errors, cycle slips,
and outliers.

Previous studies rarely presented the application of CPSC algo-
rithm to single-frequency receiver measurements, and in previous
applications, the filtering width of the CPSC algorithm usually was
fixed (Zhou et al. 2020). In this paper, we propose an estimation
method for noise errors and noise standard deviation (STD) of low-
cost single-frequency receivers, and used the grid ionospheric
model (GIM) to estimate the variation of ionospheric errors. Fur-
thermore, we propose an optimal carrier phase smoothing code
(OCPSC) algorithm in which the smoothing window width varies
adaptively according to the estimated noise errors and variations of
the ionospheric errors.

The structure of this paper is as follows. Firstly, the OCPSC
algorithm is introduced in the section “The Optimal Carrier Phase
Smoothing Code.” Secondly, the application of this algorithm to
low-cost single-frequency is illustrated in the section “Performance
Analysis of the Optimal Carrier Phase Smoothing Code.”
Finally, conclusions and future work are presented in the section
“Conclusions.”

The Optimal Carrier Phase Smoothing Code

Observation Model for GPS Single Point Positioning

The single-frequency pseudorange and carrier phase observations
can be expressed as follows:

PðiÞ ¼ ρðiÞ þ c½dtrðiÞ − dtsðiÞ� þ TðiÞ þ IðiÞ þ TGDP þ εPðiÞ
ð1aÞ

ΦðiÞ ¼ λφðiÞ
¼ ρðiÞ þ c½dtrðiÞ − dtsðiÞ� þ TðiÞ − IðiÞ þ λN

þ TGDφ þ εφðiÞ ð1bÞ

where PðiÞ and ΦðiÞ = measured pseudorange and carrier phase,
respectively, at ith epoch at L1 frequency; φðiÞ and λ = measured
carrier phase at ith epoch and wavelength, respectively (cycles); c =
speed of light in vacuum; dtrðiÞ and dtsðiÞ = receiver clock offset
and satellite clock offset, respectively, at ith epoch; TðiÞ = tropo-
spheric delay at ith epoch; IðiÞ = ionosphere delay at ith epoch;
TGDP and TGDφ = time group delay (TGD) of measured pseudor-
ange and carrier phase, respectively; and εPðiÞ and εφðiÞ are noise
items for pseudorange and carrier phase observations, respectively,
at ith epoch.

The Principle of Carrier Phase Smoothing Code

This section introduces the principle of the CPSC. As mentioned
previously, this method is used to reduce noise for pseudorange
observations. The smoothing procedure can be described as follows
(Hatch 1982):

P̄ðkÞ ¼ 1

k
×
Xk
i¼1

PðiÞ −
�
1

k

Xk
i¼1

ΦðiÞ − ΦðkÞ
�

ð2Þ

where PðiÞ = original pseudorange observation; and P̄ðkÞ = smoothed code, where k = number of smoothing epochs (i.e., width of smoothing
window)

P̄ðkÞ ¼ 1

k
×
Xk
i¼1

PðiÞ þ k − 1

k
ðΦðkÞÞ − 1

k

Xk−1
i¼1

ΦðiÞ ð3Þ

Eq. (3) can be expressed by averaging Eq. (4)

PðkÞ ¼ PðkÞ
PðkÞ ¼ Pðk − 1Þ þ ΦðkÞ − Φðk − 1Þ þ 2½IðkÞ − Iðk − 1Þ� þ εPðkÞ − εPðk − 1Þ − εφðkÞ þ εφðk − 1Þ
PðkÞ ¼ Pðk − 2Þ þ ΦðkÞ − Φðk − 2Þ þ 2½IðkÞ − Iðk − 2Þ� þ εPðkÞ − εPðk − 2Þ − εφðkÞ þ εφðk − 2Þ
..
.

PðkÞ ¼ Pð2Þ þ ΦðkÞ − Φð2Þ þ 2½IðkÞ − Ið2Þ� þ εPðkÞ − εPð2Þ − εφðkÞ þ εφ

PðkÞ ¼ Pð1Þ þ ΦðkÞ − Φð1Þ þ 2½IðkÞ − Ið1Þ� þ εPðkÞ − εPð1Þ − εφðkÞ þ εφ ð4Þ

Because the carrier phase noise is much smaller than the code noise, the variance of the carrier phase can be ignored. The variance of the
smoothed code noise can be expressed by the error propagation law

© ASCE 05023003-2 J. Surv. Eng.
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σ2
εP̄ðkÞ ¼

1

k2
ðσ2

εPð1Þ þ σ2
εPð2Þþ · · · þσ2

εPðkÞÞ ¼
1

k
σ2
εPðkÞ ð5Þ

where σ2
εP and σ2

εP̄ = variance of code noise and of smoothed code noise, respectively.
Because the influence of ionospheric error has the opposite sign to the code and carrier phase observations, the CPSC gradually diverges as

the smoothing windows moves forward. Therefore, the ionospheric error difference between successive epochs can be estimated using

ĪðkÞ ¼ 2 ·

�
k − 1

k
IðkÞ −

P
k−1
i¼1 IðiÞ
k

�

¼ 2 ·

�
k − 1

k
IðkÞ þ 1ðIð2Þ − Ið1ÞÞ þ 2ðIð3Þ − Ið2ÞÞþ · · · þðk − 1ÞðIðkÞ − Iðk − 1ÞÞ

k
− k − 1

k
IðkÞ

�

¼ 2 ·

P
k−1
i¼1 i · ðIðiþ 1Þ − IðiÞÞ

k
ð6Þ

Because the variation of ionospheric error between two con-
secutive epochs can be estimated by GIM, it can be expressed as

ΔIðiÞ ¼ Iðiþ 1Þ − IðiÞ ð7Þ

Assuming that the variance of ionospheric error [IðkÞ] is σ2
I , the

variance of ionospheric error between two consecutive epochs can
be expressed using the error propagation law as

σ2
ΔI ¼ 2σ2

I ð8Þ

Accumulations of ionospheric error ĪðkÞ and variance σ2
Ī ðkÞ can

be expressed as Eqs. (9) and (10), respectively

ĪðkÞ ¼ 2

k
· ½ΔIð1Þ þ 2 · ΔIð2Þþ · · · þðk − 2ÞΔIðk − 2Þ

þ ðk − 1Þ · ΔIðk − 1Þ� ð9Þ

σ2
Ī ðkÞ ¼

�
8

3
k − 4þ 4

3k

�
σ2
I ð10Þ

When k ≥ 1ðk ∈ ZÞ, σ2
Ī ðkÞ ≥ 0 and increases monotonically

[Eq. (10)]. Therefore, a wider smoothing window increases the
variation of ionospheric errors, as described previously.

Therefore, the variance of the code σ2
P̄ðkÞ is obtained as

σ2
P̄ðkÞ ¼

1

k
σ2
εP þ

�
8

3
k − 4þ 4

3k

�
σ2
I ð11Þ

The Algorithm of Optimal Carrier Phase
Smoothing Code

According to Eq. (11), with a large smoothing window k, the noise
error largely can be reduced; however, the ionospheric error largely
remains. In generally, we can only strike a balance between them.
To achieve better performance, this trade-off can be optimized. To
minimize σ2

P̄ðkÞ, we take partial derivative of σ2
P̄ðkÞ as follows:

dσ2
P̄ðkÞ
dk

¼
�
8

3
− 4

3k2

�
σ2
I − 1

k2
· σ2

εP ¼ 1

k2

�
8

3
k2σ2

I − 4

3
σ2
I − σ2

εP

�
¼ 0 ð12Þ

Although the OCPSC algorithm can adjust the width smoothing
window adaptively, in the quadratic Eq. (13), computation time is
increased exponentially

8

3
k2σ2

I − 4

3
σ2
I − σ2

εP ¼ 0 ð13Þ

We used only positive real roots to solve Eq. (13). Therefore, the
solution (ko) can be expressed as

ko ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ 3σ2

εP

8σ2
I

s
ð14Þ

Solution ko is the adaptive optimal solution to Eq. (11), and
must be an integer value, so we rounded ko to the nearest integer.

Cycle Slip Detection
To reduce the impact of cycle slips on the CPSC and GNSS posi-
tioning, we used the relationship between the Doppler change rate
and the phase change rate to detect cycle slips. When a cycle slip
occurs in carrier phase observations, the OCPSC algorithm re-
smooths the pseudorange observations from the current epoch. The
cycle slip detection and threshold are expressed as follows (Cannon
et al. 1992):

TðiÞ ¼ jðΦðiÞ − Φði − 1ÞÞ þ 1

2
Δt · ðDðiÞ þDði − 1ÞÞj < ξ ð15Þ

where TðiÞ = relationship between Doppler and phase change rate;
ΦðiÞ and Φði − 1Þ = carrier phase at ith and (i − 1)th epochs; DðiÞ
and Dði − 1Þ = Doppler observations at the ith and the (i − 1)th
epochs;Δt = sampling interval of observations; and ξ is the thresh-
old. Threshold ξ is set to 1 cycle to detect cycle slips (Geng et al.
2019). However, low-cost single-frequency receivers have frequent
cycle slips; therefore ξ ¼ 0.5 cycle in this paper.

The processing steps of the OCPSC algorithm with the thresh-
old detection for cycle slips (TDCS) are as follows (Fig. 1):
1. Input GNSS observations.
2. Use OCPSC algorithm to smooth GNSS code observations.
3. Execute TDCS algorithm: while TðiÞ is less than the threshold ξ

for the cycle slip, the smoothing window width accumulates for
positioning. Otherwise, the smoothing window is reset.

4. Repeat Steps 1–3 to obtain the smoothed code observations for
each satellite.

The Estimation of Ionospheric Slant Error
Since June 1998, the International GNSS Service (IGS) ionosphere
working group has been maintaining the routine generation of the
Global Ionospheric Maps (GIMs) (Li et al. 2019). GIM production
is provided by the Center for Orbit Determination in Europe
(CODE), which is an individual IGS analysis center. This paper
applied the final GIM of the IGS, which is composed of GIM

© ASCE 05023003-3 J. Surv. Eng.
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products. The Total Electron Content (TEC) message from the IGS
final GIM is a grid data set in IONosphere map Exchange (IONEX)
format (CDDIS 2021) with longitude (5° resolution) and latitude
(2.5° resolution). GIMs provide the vertical delay at geographically
defined ionospheric grid points (IGPs) (Park et al. 2017), which
can be used to interpolate the ionospheric vertical error at an
ionospheric pierce point (IPP).

When GNSS users obtain the ionospheric vertical error Iv at the
IPP, the ionospheric slant error Is can be obtained by the mapping
function FðElÞ (Schaer 1999)

Is ¼ Iv · FðElÞ ð16Þ

FðElÞ ¼
�
1 −

�
Re cosðElÞ
Re þ h

�
2
�−1=2

ð17Þ

where h and Re = height of maximum electron density (450 km) on
infinite thin spherical layer and approximate radius of Earth
(6,378.1363 km), respectively; and El = satellite elevation angle.

A Code Noise Estimation Method for Low-Cost Single-
Frequency and Receivers
Because carrier-phase noise is much smaller than code noise, we
assumed that carrier-phase noise can be neglected. Both the code
noise and the carrier-phase noise obey a Gaussian distribution, in
which the mean value is zero. According to Eq. (1), the code noise
and multipath model can be expressed as the combination of dual-
frequency (DF) measurements (Kee et al. 1997)

ζDFðiÞ ¼ PL1ðiÞ − ΦL1ðiÞ þ 2
ΦL2ðiÞ − ΦL1ðiÞ

γ − 1
ð18Þ

εPL1
ðiÞ ¼ ζDFðiÞ − ζ̄DF ð19Þ

where εPL1
ðiÞ and PL1ðiÞ = code noise and code observations, re-

spectively, for-frequency L1; ζ̄DF ¼ ½Pk
i¼1 ζDFðiÞ�=k = mean of

ζDF;ΦL1ðiÞ andΦL2ðiÞ = carrier-phase observations for frequencies
L1 and L2, respectively; and γ ¼ f21=f

2
2 = squared ratio of fre-

quency L1 to frequency L2.

These equations are not applicable to low-cost single-frequency
receivers. In this study, we used ionospheric slant delay to calculate
these values for single-frequency receivers [Eqs. (20) and (21)].
The ionospheric slant delay is estimated by using GIM and the
ionospheric product provided by the IGS

ζSFðiÞ ¼ PL1ðiÞ − ΦL1ðiÞ − 2IsðiÞ ð20Þ

εPL1
ðiÞ ¼ ζSFðiÞ − ζ̄SF ð21Þ

where IsðiÞ = ionospheric slant delay estimated by using GIM.

Performance Analysis of the Optimal Carrier-Phase
Smoothing Code

To verify the performance of the OCPSC, GNSS signals were
received by a dual-frequency Trimble NetR9 receiver (Sunnyvale,
California) at the JiuFeNG (JFNG) station. This receiver is a type
of survey-grade receiver that is compatible with GPS, GLONASS,
BeiDou, and Galileo constellations. Because GPS is a representative
type of navigation system in GNSS, most researchers who study
CPSC algorithms base their work on GPS observations. To verify
the effectiveness of the OCPSC, this study used only GPS observa-
tions (Geng et al. 2019). GPS data from 00:00:00 to 2:15:00 on Janu-
ary 1, 2018 were collected and resampled at an interval of 1 s. The
satellite elevation cutoff angle was set to 10°. Fig. 2 shows the period
tracked by pseudorandom noise code (PRN) in the collected GPS
data, and Fig. 3 shows the number of tracked satellites and the posi-
tion dilution of precision (PDOP). There was a sudden decrease in
the number of satellites between 0:44:16 and 1:17:42 Coordinated
Universal Time (UTC) (Fig. 3). This was because GPS satellite
G30 was not being tracked and G20 had not begun to be tracked
during this time. Obviously, when the number of visible satellites
increases, the PDOP value simultaneously decreases (Fig. 3).

Results of Cycle Slip Detection with Survey-Grade
Receivers

To verify the influence of the TDCS algorithm on suppressing the
cycle slips, three instances of simulated cycle slips were added to the
real measured GPS data. The ellipses in Fig. 4 indicate the 3 simu-
lated cycle slip events, which included 3 cycles at UTC 00:33:01,
10 cycles at UTC 1:23:01, and 20 cycles at UTC 1:56:21. The OCPSC
algorithm with TDCS and without TDCS effectively smoothed
the pseudorange, and observation noise was reduced significantly
(Fig. 4). However, when there are cycle slips in observations, a
systematic bias, which is proportion to the magnitude of the cycle
slips, will be introduced to the smoothed pseudorange until the
smoothing window is reset (Chang et al. 2019). When a cycle slip
of three cycles was added at UTC 00:33:01, the smoothed pseu-
dorange residual was increased by about 0.5 m. When a cycle slip
of 20 cycles was added at UTC 1:56:21, the smoothed pseudor-
ange residual was increased by about 3.5 m. Unfortunately, the
smoothed pseudorange residuals of the subsequent epochs will
be affected until the smoothing window is reset. Therefore, it
is necessary to integrate TDCS into the OCPSC algorithm to sup-
press the influence of cycle slips. Fortunately, our OCPSC algo-
rithm with the TDCS can sensitively detect cycle slips at all
epochs and automatically reset the smoothing window.

The Estimation of Variation of Ionospheric Error

Although CPSC performs well in noise reduction and is easy to
implement, the variation of ionospheric error cannot be ignored.

GNSS Observations

The OCPSC algorithm

Resetting
smoothing
window

The accumulation of smoothing 
window 

Smoothed code observations

Fig. 1. Flowchart of OCPSC algorithm with the threshold detection for
cycle slips.
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Fig. 2. (Color) Time chart of each satellite tracking. PRN = pseudorandom noise code; and UTC = coordinated universal time.

Fig. 3. (Color) Number of tracked satellites and PDOP value.

pseudorange

Fig. 4. (Color) Smoothed pseudorange residual of the PRN13 satellite. Raw pseudorange indicates SPP; OCPSC with TDCS is the optimal carrier
phase smoothing code algorithm with the threshold detection for cycle slips; and OCPSC without TDCS is the optimal carrier phase smoothing code
algorithm without the threshold detection for cycle slips.
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Dual-frequency (Kee et al. 1997) observations and single-
frequency observations can be used to estimate the variation of
ionosphere error between consecutive epochs [Eq. (10)]. The differ-
ence in ionosphere error between consecutive epochs can be calcu-
lated using Eqs. (22) and (23) for DF and SF observations,
respectively

ΔIDFðiÞ ¼
ΦL1ðiþ 1Þ − ΦL1ðiÞ − ðΦL2ðiþ 1Þ − ΦL2ðiÞÞ

γ − 1
ð22Þ

ΔISFðiÞ ¼ Isðiþ 1Þ − IsðiÞ ð23Þ

The performance of the traditional CPSC depends on the stan-
dard deviation of code noise and the variation of ionosphere error
between consecutive epochs [Eq. (11)]. A small smoothing window
is sensitive to the variation of ionosphere errors, but does not reduce
noise sufficiently [Eq. (11)]. In contrast, a larger smoothing win-
dow is more effective in reducing noise, but cannot suppress the
variation of ionosphere error, and may even lead to a divergence
of the traditional CPSC. Therefore, the selection of smoothing win-
dow width is a kind of trade-off problem. Furthermore, we used
dual-frequency observations from the JFNG site to analyze the
variation of ionosphere error between consecutive epochs.

Fig. 5 shows the estimation of the variation of ionospheric error
using the dual-frequency carrier phase and GIM for Satellite
PRN02. The variation of ionospheric error calculated by GIM
agreed well with average values calculated by the dual-frequency
phase at all epochs, which verifies that the GIM performs well in
estimating ionospheric error for single-frequency receivers (Fig. 5).
Because the variation of ionospheric errors estimated using dual-
frequency observations includes carrier-phase noise [Eq. (19)], it
is much larger than the variation of ionospheric errors estimated
using single-frequency observations

σ2
ΔIDF

¼ 1

ðγ − 1Þ2 ðσ
2
ΔΦL1

þ σ2
ΔΦL2

Þ ð24Þ

Code Noise Statistic for Single-Frequency Receivers

The measurement noise depends on the elevation angle and obser-
vation environment of the receiver antenna (Kee et al. 1997).

We modeled the receivers’ code noise effects with the elevation
angle (El) as follows:

σεP ¼ x0 þ x1 · exp

�
−El
x2

�
ð25Þ

To estimate the parameters ðx0; x1; x2Þ, the standard deviation of
the noise from dual-frequency observations and single-frequency
observations were curve-fitted. When using σεP and El for curve
fitting, σεP is the mean value including the noise standard deviation
of all observed satellites at the elevation angle. The parameters
ðx0; x1; x2Þ are listed in Table 1. There was almost no significant
difference between the noise parameters of the dual-frequency ob-
servations and the single-frequency observations (Table 1). When
the elevation angle decreased from 65° to 15°, the standard devia-
tions of the observed noise for the single-frequency observations
and the dual-frequency observations varied from 0 to 1.6 m, and
the fitted standard deviations of noise varied from 0.2 to 0.4 m
(Fig. 6). The results indicate that the fitting performance was
the same for both the dual-frequency and the single-frequency
observations.

The Optimal Smoothing Window Width for
Carrier-Phase Smoothing Code

In the proposed OCPSC algorithm, the adaptive smoothing window
width can be determined using the standard deviation of the code
noise and the variation of ionospheric error between consecutive
epochs [Eq. (11)]. The standard deviation of the code noise depends
on the elevation angle in Eq. (25), and the variation of ionospheric
error between consecutive epochs is estimated using the GIM in
Eqs. (16) and (17).

Fig. 5. (Color) Estimating the variation of the ionospheric error by the dual-frequency carrier phase and GIM.

Table 1. Estimation of parameters in Eq. (25)

Frequency

Parameter

x0 x1 x2 STD (m)

DF 0.0129 0.746 17.304 0.027
SF 0.164 0.789 15.013 0.031

© ASCE 05023003-6 J. Surv. Eng.
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To prove that the optimal smoothing window width ko is flex-
ible for each satellite and each epoch, we analyzed the relationship
between the optimal smoothing window width ko and elevation
angles of Satellites PRN02 and PRN05 (Fig. 7). The optimal
smoothing window width varied from 110 to 15 s as the elevation
angle varied from 65° to 15° for Satellite PRN02, which was sim-
ilar to that for Satellite PRN05, but the optimal smoothing win-
dow width of Satellites PRN02 and PRN05 was different at the
same epoch. In the Wullschleger et al. (2000), in the case of tradi-
tional CPSC, a smoothing window width greater than 100 s will
reduce the noise level but simultaneously cause a large divergence
error (Park et al. 2008). On the other hand, for some satellites at
some epochs, when the smoothing window is as large as 1,000 s,
the OCPSC algorithm can reduce the code noise without a serious
divergence error.

Positioning Performance Analysis of the OCPSC
Algorithm for Dual-Frequency Receiver

The dual-frequency observations were used to verify the OCPSC
algorithm, and the true coordinates in the sinex file of the IGS prod-
uct were used as reference values to assess the positioning perfor-
mance of the raw code and the CPSC and OCPSC algorithms. In
previous studies, the researchers proposed a fixed smoothing win-
dow of 100 s to obtain the best performance of traditional CPSC

(Park et al. 2017). Therefore, the results derived using a fixed
smoothing window of 100 s were used as a reference. A small cycle
slip occurred in Satellite PRN13 at about UTC 00:44 (Fig. 4),
which was not what we had simulated. This cycle slip had a serious
impact on the performance of the traditional CPSC until the
smoothing window was reset [Fig. 8(b)]. Our OCPSC algorithm
can detect cycle slips in a timely and effective manner, and suppress
the impact of cycle slips on positioning performance. Therefore, the
OCPSC is more robust than traditional CPSC. Compared with the
positioning accuracy of raw SPP, the horizontal positioning accu-
racy improved by about 0.04 m, and the vertical accuracy improved
by about 0.1 m when applying the traditional CPSC with a smooth-
ing window of 100 s (Fig. 8 and Table 2). The OCPSC algorithm
with adaptive window width had better performance. It improved
the horizontal accuracy and vertical accuracy by 0.05 and 0.3 m,
respectively. Compared with the traditional CPSC, the positioning
accuracy was not improved significantly by applying the OCPSC
algorithm (Table 2). The horizontal positioning accuracy improved
from 0.49 to only 0.48 m. This mainly was because the increase of
the variation of ionospheric errors was not significant for traditional
CPSC during the continuous observation period of about 2 h
(Fig. 5).

To illustrate more clearly that the OCPSC algorithm effectively
can solve the problem between the reduction of noise and the in-
crease of ionospheric error variation, a longer period of observation

(a)

(b)

Fig. 6. (Color) Curve-fitting between standard deviations of the pseudorange observations and elevation angles: (a) result with single-frequency
observations; and (b) result with dual-frequency observations.
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data were processed by the proposed algorithm. The DAEJeon
(DAEJ) site data from GPS times 00:00:00 to 7:30:00 on March
1, 2022 were collected and resampled at an interval of 1 s. The
positioning results of the DAEJ site are presented in Table 2
and Fig. 9. The CPSC with 100-s smoothing windows improved
only 2.3% horizontally and 4.3% vertically compared with the
raw SPP. Because the DAEJ site has longer observation times than
Station JFNG, the increase of ionospheric error variation between
consecutive epochs was larger for the DAEJ station than for the
JFNG site. Therefore, when applying traditional CPSC with a
smoothing window of 100 s, the improvement in horizontal posi-
tioning accuracy (2.3%) at the DAEJ site was smaller than that at
the JFNG site (7.5%). Fortunately, the proposed OCPSC algorithm
can reduce the ionospheric error variation between consecutive
epochs that increases with the observation time. When applying
the OCPSC, the improvement in horizontal positioning accuracy
(12.6%) at the DAEJ site was larger than that at the JFNG site
(9.4%).

Positioning Performance Analysis of the OCPSC
Algorithm during Ionosphere Disturbances

We investigated the positioning performance of the OCPSC during
ionospheric storms. The 3-h-interval Kp-index can be used to mea-
sure global ionospheric disturbances (Bartels et al. 1939). The level

of a geomagnetic storm is defined as Kp-index 5 for minor geo-
magnetic storms (G1), Kp-index 7 for moderate geomagnetic
storms (G2), Kp-index 8 for stronger geomagnetic storms (G4), and
Kp-index 9 for extreme geomagnetic storms (G5) (Hanslmeier
2002). The Kp-index is provided by NASA’s OMNIWeb Data
Explorer (Papitashvili 2020). Fig. 10 shows the value of Kp-index
from November 3 to 5, 2021. On November 4, 2021, there was an
ionospheric storm between moderate and strong, with a Kp-index
greater than 70.

To assess the positioning performance of the OCPSC algorithm
during ionospheric storms, the algorithm was used to process ob-
servation data with high sampling intervals. The papeete (THTG)
site data from GPS times 00:00:00 to 23:59:59 from November 3 to
5, 2021 were collected and resampled at an interval of 1 s. In this
experiment, only L1 frequency observation data were used. GIM
estimated the mean variation of the ionospheric error for all visible
satellites on November 3, 4, and 5, 2021 (Fig. 11). It is obvious that
the variation of ionospheric error during the ionospheric storm
(Fig. 11) was much higher than that in Fig. 5. Before 2:00 on
November 4, 2011, more points deviated from zero in the variation
of ionospheric error than on November 3 and 5, 2021, because the
corresponding Kp-index was greater than that on the other two
days. Between 8:00 and 17:00, with the decrease of the Kp-index,
the variation of the ionospheric error also decreased and was closer
to zero on November 3, 4, and 5, 2021. This illustrates that

(a)

(b)

Fig. 7. (Color) Optimal smoothing window width for different satellite in same epoch: (a) GPS satellite 2; and (b) GPS satellite 5.

© ASCE 05023003-8 J. Surv. Eng.

 J. Surv. Eng., 2023, 149(4): 05023003 

 T
hi

s 
w

or
k 

is
 m

ad
e 

av
ai

la
bl

e 
un

de
r 

th
e 

te
rm

s 
of

 th
e 

C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

4.
0 

In
te

rn
at

io
na

l l
ic

en
se

. 



ionospheric storms significantly affect the variation of ionospheric
errors.

The distribution of positioning errors in the horizontal and ver-
tical directions during ionospheric storms is shown in Fig. 12 based
on GPS data of the THTG station using the OCPSC algorithm.
When many points in the variation of ionospheric error deviated
from zero at UTC 5:27:52, the positioning error of the traditional
CPSC increased by about 38 m, whereas the positioning error of the
OCPSC was only about 10 m (Fig. 12). At UTC 19:35:50, when
the variation of ionospheric error increased by 1.5 m, the residual of
the traditional CPSC increased by about 15 m. the residual of the
OCPSC increases by only about 10 m. Compared with the tradi-
tional CPSC, the OCPSC algorithm can suppress the influence of

the variation of ionospheric error on positioning performance.
Compared with raw SPP, the traditional CPSC did not improve
the horizontal and vertical position accuracy, because the traditional
CPSC does not consider the variation of the impact of ionospheric
error on positioning performance (Fig. 12 and Table 3). However,
compared with the raw SPP, the positioning errors of the OCPSC
algorithm in the horizontal and vertical directions both were re-
duced by 0.01 m. Compared with the original SPP, the positioning
accuracy of the OCPSC algorithm does not seem to be improved
significantly. This mainly is because the OCPSC algorithm depends
on the variation of ionospheric error to give an optimal window,
which can constrain the impact of the variation of ionospheric error
on positioning performance, rather than completely eliminating it.

(a)

(b)

Fig. 8. (Color) Distribution of positioning error for JFNG station for the traditional CPSC and the OCPSC algorithm in (a) horizontal direction; and
(b) vertical direction.

Table 2. Statistics of positioning RMS error for traditional CPSC and OCPSC algorithm

Method

JFNG DAEJ

Hor (m) Ver (m) Imp (hor, ver) (%) Hor (m) Ver (m) Imp (hor, ver) (%)

Raw code 0.53 2.93 0, 0 0.76 1.50 0, 0
CPSC (k ¼ 100) 0.49 2.85 7.5, 2.7 0.75 1.44 2.3, 4.3
OCPSC 0.48 2.69 9.4, 8.2 0.67 1.38 12.6, 8.1

Note: Hor and Ver denote horizontal and vertical RMS, respectively; and Imp denotes Improvement rate compared with raw code.
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(a)

(b)

Fig. 9. (Color) Distribution of positioning error for DAEJ station for the traditional CPSC and the OCPSC algorithm in (a) horizontal direction; and
(b) vertical direction.

Fig. 10. Kp-index from November 3 to 5, 2021. Day of year (DOY) 307 corresponds to November 3, DOY 308 corresponds to November 4, DOY
309 corresponds to November 5, and DOY 310 corresponds to November 6.

© ASCE 05023003-10 J. Surv. Eng.
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Fig. 11. (Color) Estimating the mean variation of the ionospheric error for all visible satellites using GIM.

(a)

(b)

Fig. 12. (Color) Distribution of positioning error of THTG station during ionospheric storms for the traditional CPSC and the OCPSC algorithm in
(a) horizontal direction; and (b) vertical direction.
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Positioning Performance Analysis of the OCPSC
Algorithm for Low-Cost Single-Frequency Receivers

As mentioned previously, we conducted static experiments on dual-
frequency and survey-grade receivers to verify that the OCPSC
algorithm is effective. Then the OCPSC algorithm was applied to a
u-blox EVK-M8T receiver (Thalwil, Switzerland), which is a

Table 3. Statistics of positioning RMS during ionospheric storms for
traditional CPSC and OCPSC algorithm

Method Hor Ver

Raw code 3.24 2.92
CPSC (k ¼ 100) 3.26 3.10
OCPSC 3.23 2.91

Fig. 13. (Color) Scene of (a) static experiment; and (b) kinematic experiment (image © Google © 2023vMaxar Technologies).

(a)

(b)

Fig. 14. (Color) Tracking satellite number and PDOP of low-cost single-frequency and receivers: (a) static experiment; and (b) kinematic experiment.
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low-cost single-frequency receiver. The u-blox receiver is an
automotive-grade module that can track the signals from multiple
GNSS constellations and provide raw pseudorange, carrier-phase,
and Doppler observation (Odolinski et al. 2015). Because the
u-blox receiver is connected to a patch antenna, it is applied widely
to navigation, transport, traffic, and so forth. The positioning accu-
racy of low-cost single-frequency receivers for SPP usually is at the
meter level (Pan et al. 2016), and at the decimeter level for real-time
kinematics (Odolinski and Teunissen 2016). Therefore, in this paper,
the RTK results were used for comparison to evaluate the positioning
performance of the OCPSC algorithm with u-blox receivers.

To analyze the SPP positioning performance of low-cost single-
frequency receivers using the OCPSC algorithm, static and kin-
ematic experiments were carried out on Dengzhuang South Road,
Haidian District, Beijing (Fig. 13). The observations from the
u-blox receiver were recorded at a sampling interval of 1 s, and
the satellite cutoff elevation angle was set to 10° to reduce the im-
pact of obstacles. The static and kinematic data sets were collected
on June 3, 2019 from local time 8:55:45 to 11:00:45, and on
September 4, 2018 from local time 20:02:42 to 20:49:43. Fig. 14
shows the PDOP and satellite numbers of low-cost single-frequency
receivers in static and kinematic experiments. In static experiments,
the number of satellites was more than 7, and the PDOP was less

than 3. In the kinematics experiment, which was affected by the ob-
stacles in the observation environment, the number of satellites was
between 4 and 6, and the PDOP was greater than 7.

In the static test, the code observation residuals of each satellite
fluctuated around zero [Fig. 15(a)]. However, in the kinematics test,
because the observation was affected by the environment obstacles,
the code observation residuals of many satellites had many multi-
path errors [Fig. 15(b)]. Both the traditional CPSC and the OCPSC
algorithm can reduce the horizontal and vertical position errors
(Figs. 16 and 17). In static testing, compared with the raw SPP,
the horizontal and vertical errors of the traditional CPSC with a
smoothing window of 100 s were reduced by 0.7 and 1 m, and
the positioning accuracy improvement rates were 24% and 22.4%,
respectively. This improvement in positioning accuracy is due
mainly to the fact that low-cost single-frequency receivers include
a great deal of noise when collecting data, whereas CPSC performs
well in noise reduction. Compared with the traditional CPSC, the
positioning error of the OCPSC algorithm was reduced by 0.15 and
0.21 m in the horizontal and vertical directions, respectively. The
positioning accuracy improvement rate of the OCPSC algorithm
was 28.9% and 27.4% compared with raw SPP. In the kinematics
test, compared with the raw SPP, the positioning accuracy of the
traditional CPSC improved by 0.02 m (0.5%) and 0.03 m (0.6%)

(a)

(b)

Fig. 15. (Color) Pseudorange residuals of low-cost single-frequency receiver tracking satellites: (a) static experiment; and (b) kinematic experiment.
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(Table 4). Compared with the traditional CPSC, the positioning per-
formance of the OCPSC algorithm was better, but the difference
was not large. This mainly was because some observations, such as
PRN24 and PRN32, may have a certain multipath error [Fig. 15(b)],
resulting in little improvement in the positioning performance of the
OCPSC algorithm.

Conclusions

We analyzed the traditional CPSC method and its shortcomings.
Subsequently, the cycle slip detection was introduced into tradi-
tional CPSC to mitigate the influence of the cycle slips. When
the smoothing window moves forward, the variation of ionospheric
errors will increase, and even may cause CPSC to diverge (Zhou
and Li 2016). To solve this problem, GIM was used to estimate the
variation of ionospheric error for low-cost single-frequency receiv-
ers. An estimation method is proposed for estimating noise and
noise standard deviation. Furthermore, considering the estimated
noise errors and the variation of ionospheric errors, we propose
an OCPSC algorithm in which the smoothing window width varies
adaptively for low-cost single-frequency receivers. Finally, verifi-
cation experiments of dual-frequency receivers and application

experiments of low-cost single-frequency receivers were carried
out, and the following conclusions were drawn.
1. The static verification experiment of dual-frequency receivers

showed that compared with raw SPP, the horizontal and vertical
positioning accuracies of the traditional CPSC improved about
0.04 m and 0.08 m in term of RMS, respectively. Compared
with results derived using the traditional CPSC, positioning ac-
curacies in the horizontal and vertical directions can be im-
proved by 0.01 m (2%) and 0.16 m (6%), respectively when
applying the OCPSC algorithm. Moreover, the OCPSC algo-
rithm can detect cycle slips accurately and reset the smoothing
window in time, thereby avoiding CPSC divergence due to a
large cycle slip.

2. In the static experiment with low-cost single-frequency receiv-
ers, when applying traditional CPSC, positioning accuracies in
the horizontal and vertical directions are improved by 0.74 m
(24%) and 0.95 m (22%), respectively. This difference with
dual-frequency receivers may be due to the large noise of
low-cost single-frequency receivers. Compared with the tradi-
tional CPSC, the OCPSC algorithm improved positioning accu-
racies in the horizontal and vertical directions by 0.15 m (6%)
and 0.21 m (6%), respectively. These improvements were
0.08 m (3%) and 0.06 m (1%) in the kinematic experiment.

(a)

(b)

Fig. 16. (Color) In the static experiment of low-cost single-frequency receivers, the distribution of positioning error for different methods in (a) hor-
izontal direction; and (b) vertical direction.
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The proposed OCPSC algorithm has great potential to be
applied widely to the future market of smartphone positioning, be-
cause future smartphones will integrate GNSS chips, and can be a
dominant in the GNSS market. This algorithm improves position-
ing performance while maintaining the recursive and simple form
of the traditional CPSC.

Data Availability Statement

Some data from low-cost single-frequency receivers, the OCPSC
models, and the OCPSC code generated or used during the study
are available from the corresponding author by reasonable request.

The types of the raw data can be provided as a MAT file in
MATLAB version R2018a.
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