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Abstract: A series of drained triaxial tests were performed on sandy soils [crushed glass (CG) and glass bead (GB)] with different mean
particle sizes in order to investigate the effect of both particle size and particle shape on the soil strength and dilatancy. Four groups of angular
CG sands with mean particle sizes of 0.227 to 1.001 mm, four groups of rounded GB sands with mean particle sizes of 0.374 to 0.836 mm,
and one special group of subrounded GB sands with a mean particle size of 0.181 mmwere tested at the same initial relative density of 60%. It
was observed that, as the mean particle size increased for a similar particle shape, both the maximum and critical-state friction angles of the
rounded GB sands increased, albeit marginally, whereas the critical-state friction angle of the angular CG sands showed a decrease. The max-
imum dilation angle of both the angular CG and rounded GB sands increased with an increase in the mean particle size. In addition, a Bolton’s
stress–dilatancy equation for glass sands was examined; the slope was found to be constant while the intercept varied slightly with different
mean particle size. A comparison of the test results for the angular CG, rounded GB, and subrounded GB sands clearly demonstrated that the
strength and friction angle of granular soils results directly from increased angularity where interparticle locking plays a crucial role.
DOI: 10.1061/IJGNAI.GMENG-8661. This work is made available under the terms of the Creative Commons Attribution 4.0 International
license, https://creativecommons.org/licenses/by/4.0/.

Introduction

The shear strength and dilation of sandy soils are affected by their
confining pressure and density (Charles and Watts 1980; Fukushima
and Tatsuoka 1984; Been and Jefferies 1985; Kolymbas and Wu
1990; Chu 1995; Wan and Guo 1998, 1999; Li and Dafalias 2000;
Lancelot et al. 2006; Varadarajan et al. 2006; Chakraborty and Sal-
gado 2010; Cinicioglu and Abadkon 2015; Chen and Zhang 2016b;
Esposito and Andrus 2017; Giampa and Bradshaw 2018), particle
size and gradation (Al-Hussaini 1983; Muir Wood and Maeda
2008; Vangla and Latha 2015; Amirpour Harehdasht et al. 2017;
Yang and Luo 2018; Deng et al. 2021), the addition of fines to the
sand matrix (Salgado et al. 2000; Ni et al. 2004; Yang et al. 2006;
Murthy et al. 2007; Carraro et al. 2009; Rahman et al. 2011; Yang
and Wei 2012; Rahman and Lo 2014; Wei and Yang 2014; Chen
and Zhang 2016a; Ng et al. 2017; Xiao et al. 2017a, 2017b; Hassan
et al. 2022; Yilmaz et al. 2023), the addition of coarse aggregates to
the soil mixture (Simoni and Houlsby 2006; Li 2013; Li et al. 2013;
Wei et al. 2018; Shi et al. 2021), the addition of biotreated bonds
(Wu et al. 2021a; Xiao et al. 2021b, 2022a, 2023a; Wu et al.
2023), particle shape (Cho et al. 2006; Yang and Wei 2012; Li
et al. 2013; Wei and Yang 2014; Altuhafi et al. 2016; Gong and

Liu 2017; Kandasami and Murthy 2017; Keramatikerman and
Chegenizadeh 2017; Zhao and Zhou 2017; Alshibli and Cil 2018;
Jiang et al. 2018; Zhou et al. 2018; Gong et al. 2019; Guida et al.
2019; Xiao et al. 2019a, b; Chen et al. 2021; Liang et al. 2022;
Wang et al. 2022), interparticle friction, particle roughness (Cavar-
retta et al. 2010; Koval et al. 2011; Dai et al. 2016; Alshibli et al.
2017; Wu et al. 2017; Tovar-Valencia Ruben et al. 2018; Guida
et al. 2019; Thakur Mohmad and Penumadu 2021), particle breakage
(Muir Wood and Maeda 2008; Yao et al. 2008; Daouadji and Hicher
2010; Bandini and Coop 2011; Alikarami et al. 2015; Liu et al. 2017;
Xiao and Liu 2017; Karatza et al. 2018; Yu 2019; Ciantia and O’Sul-
livan 2020; Zhang and Luo 2020; Xiao et al. 2022b, 2022c, 2023b),
loading mode (i.e., load-controlled shearing for prefailure instability
and deformation-controlled shearing for prefailure strain softening)
(Chu et al. 1993; Chu and Leong 2001; Chu and Wanatowski
2009), stress and/or strain path (Tatsuoka et al. 1986; Lam and Tat-
suoka 1988; Chu et al. 1992, 1993; Hanna 2001; Alshibli et al. 2003;
Wanatowski and Chu 2007; Chu and Wanatowski 2008; Arda and
Cinicioglu 2021; Shi et al. 2022), and drainage conditions (Chu
and Lo 1994; Yamamoto et al. 2009; Chu et al. 2012; Zeybek and
Madabhushi 2019).

Substantial observations and governing relationships have re-
sulted from these and other studies that have identified the effects
of particle size and shape on sediment strength and dilatancy.
The role of increased angularity on the enhanced strength of gran-
ular materials represents one such finding (Hanna 2001; Amirpour
Harehdasht et al. 2017; Suh et al. 2017; Alshibli and Cil 2018; Sar-
kar et al. 2019; Lashkari et al. 2020; Nguyen et al. 2020; Arda and
Cinicioglu 2021; Deng et al. 2021; Shi et al. 2021; Wang et al.
2021; Wu et al. 2021b; Xiao et al. 2021a; Nie et al. 2022). For ex-
ample, Guo and Su (2007) tested Ottawa sand, with rounded grains,
and crushed limestone, with angular grains, and reported that angu-
larity resulted in having a substantial effect on both the maximum
friction angle ϕ′

max

( )
and the friction angle at the onset of dilation

(ϕ′
f ) as a result of improved interparticle locking. Yang and Wei

(2012) observed, from a series of undrained triaxial tests on four
binary mixtures of uniform (Toyoura and Fujian) sands with non-
plastic fines (angular crushed silica fines and rounded glass
beads), that the addition of the crushed silica fines increased
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the critical-state friction angle (ϕ′
cs). Contrastingly, the addition of

the glass beads decreased the ϕ′
cs of the binary mixtures because the

particles of the crushed silica fines were more angular than the par-
ticles of the Toyoura and Fujian sands, whereas the glass beads
were more rounded than those of the host sands. These findings
were explained by a proposed particle-scale conceptual model,
wherein the interparticle contacts, movements, and rearrangements
became more difficult when the particles of the fines and host sands
were more angular because these binary particles made a more sta-
ble structure. The drained and undrained shear test results for mix-
tures of the host sands investigated by Yang and Luo (2015)
showed that an increase in overall regularity (defined in the next
section) led to a decrease in ϕ′

cs. Xiao et al. (2019a) described
drained triaxial test experiments on glass sands with varying mix-
tures of angular and rounded particles, concluded that both the ϕ′

max
and ϕ′

cs increased with increasing angularity, but the maximum di-
latancy angle (ψmax) increased with decreasing angularity. They
proposed a stress–dilatancy equation that considered the effect of
overall regularity. The phenomenon of the effect of particle
shape on the ϕ′

max, ϕ
′
cs, and ψmax observed by Xiao et al. (2019a)

was verified by Thakur Mohmad and Penumadu (2021), who
pointed out that particle shape rather than interparticle friction de-
termined the localized deformation. Meanwhile, Zhang et al.
(2020) also found that an increase in roundness resulted in an in-
crease in the ψmax. The effect of particle shape on the ψmax, and
its contribution to the strength, depends on density. For example,
Shi et al. (2021) found that the critical-state shear strength of
gap-graded soils in a dense state increased continuously with an
increase in the fraction of subangular feldspar gravel, while the
addition of rounded steel beads at a volume fraction of 0% to
44.5%, or the addition of subangular gravel at a volume fraction
of 0% to 32.2%, did not change the shear strength of the gap-graded
soils in a loose state. They argued that the extra strength could be
attributed to the force transmission of densified sand bridges form-
ing between the coarse aggregates. Furthermore, drained tests re-
ported by Yilmaz et al. (2023) determined that the addition of
more-angular and finer particles to angular coarse sands (where
the fines content was within the threshold value for a sand matrix)
resulted in a decrease in the ϕ′

max and ψmax. These results do not
agree with the findings of Yang and Wei (2012), however. In ex-
plaining this discrepancy, Yilmaz et al. (2023) pointed to the
particle-column mechanism proposed by Oda (1972) and Iwashita
and Oda (2000), where the finer particles fill the void between
neighboring columns, providing lateral support to the particle
columns, and suppressing buckling and dilation, resulting in a
decrease in the ϕ′

max and ψmax. By contrast, Yang and Wei (2012)
proposed a particle-scale model in which the addition of finer angu-
lar grains made the mixture more stable. These different findings
may have arisen from variations in the density, pressure, and/or
particle shape of the tested soils.

The effect of particle size on the friction angle has been subject
to much debate. One viewpoint is that the shear strength decreases
with increasing particle size (Marschi et al. 1972; Ovalle et al.
2014; Ovalle and Dano 2020). Marschi et al. (1972) conducted
drained triaxial tests on angular rockfill materials with a range of
parallel gradings, showing that the internal friction angle decreased
with an increase in the particle size, which was adopted in the
size-effect relation theory proposed by Frossard et al. (2012) and
confirmed by Ovalle et al. (2014) and Ovalle and Dano (2020)
with their test results. Also, Amirpour Harehdasht et al. (2017) per-
formed a series of drained triaxial tests on both rounded glass beads
and subrounded and subangular Péribonka sand, and found that the
ϕ′
max and ψmax of the two materials decreased with an increase in

particle size. In addition, a series of direct shear tests on rounded

basalt microspheres, subangular and angular Eastmain sand, and
subrounded and subangular Péribonka sand, conducted by Amir-
pour Harehdasht et al. (2019), showed that an increase in particle
size led to a decrease in the shear strength and dilation. Another
viewpoint is that the shear strength increases with increasing parti-
cle size (Bagherzadeh-Khalkhali and Mirghasemi 2009; Hamidi
et al. 2012). Bagherzadeh-Khalkhali and Mirghasemi (2009) and
Hamidi et al. (2012) both found that the peak-state shear strength
and dilation of Tehran coarse-grained soils increased with increas-
ing maximum particle size for both parallel and increasingly better-
graded gradations. Dai et al. (2016) performed a series of direct
shear tests on glass beads, determining that both the ϕ′

max and ϕ′
cs

increased with increasing mean particle size, and that glass sands
with a larger particle size exhibited a more dilative shear response.
Recent work by Ari and Akbulut (2022) revealed that the ϕ′

max,
ψmax, and repose angle (ϕ′

a) of angular sands increased with an in-
crease in the mean particle size, which contradicts these prior find-
ings (Marschi et al. 1972; Ovalle et al. 2014; Amirpour Harehdasht
et al. 2017, 2019; Ovalle and Dano 2020). A third viewpoint is that
the change in shear strength with particle size depends on particle
shape in granular soils (Varadarajan et al. 2003; Honkanadavar and
Sharma 2016). Varadarajan et al. (2003) reported triaxial test re-
sults for two rockfill materials representing rounded/subrounded
and angular/subangular particle shapes, discovering that the friction
angle increased with increasing particle size for the rounded/sub-
rounded materials, whereas the friction angle decreased with in-
creasing particle size for the angular/subangular materials. These
findings have been further verified by other test data (Varadarajan
et al. 2006; Honkanadavar and Sharma 2014, 2016), implying that
the effect of particle shape cannot be ignored in some cases when
exploring the effect of particle size on shear strength and dilation
in granular materials. For granular soils with angular particles,
this viewpoint is partially in line with the first viewpoint, and for
granular soils with rounded particles, it also partially agrees with
the second viewpoint. The last viewpoint is that the change in
shear strength with particle size is marginal. Discrete-element
method (DEM) simulations on initially nonoverlapping two-
dimensional (2D) rounded discs, as reported by Sitharam and
Nimbkar (2000), demonstrated that an increase in particle size
leads to a marginal increase (or no increase) in the internal friction
angle at any given confining pressure. Vangla and Latha (2015)
also pointed out that the ϕ′

max of angular sands with similar particle
shape and void ratio was unaffected by particle size, although the
ultimate friction angle (ϕ′

r) and ϕ′
a increased with an increase in

particle size. Recently, Deng et al. (2021) conducted a series of
drained triaxial shear tests on subangular Pasabahce silica sand,
confirming the first viewpoint that an increase in particle size
leads to a decrease in the ϕ′

max and ψmax, similar to the trend for sub-
angular Péribonka sand, as investigated by Amirpour Harehdasht
et al. (2017), although with ϕ′

cs decreasing with an increase in par-
ticle size because particle size in their work was not isolated from
other factors (e.g., particle shape or roughness) that could have af-
fected the ϕ′

max, ψmax, and ϕ′
cs, and the stress–dilatancy relation-

ship. It is clear that there remains a lack of consensus as to the
role of particle size due to the confounding influence of particle
shape, roughness, grading, etc., which may have been overlooked
in the studies reviewed in the preceding discussion. It was therefore
critical to evaluate the effect of particle size considering highly con-
trolled materials that possessed the same particle shape and grada-
tion––the latter, for example, through the coefficient of uniformity,
Cu. This work presents the results of an experimental program con-
ducted on glass sands to isolate the effects of particle size and par-
ticle shape, quantified using the mean particle size, D50, and overall
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regularity, respectively, on the strength and dilatancy of granular
materials.

Experimental Program and Materials

The experimental program described in this study consists of tests
on glass sands, including crushed glass (CG) and glass bead (GB)
sands, supplied by the Zhaotong Glass & Plastic Technology Com-
pany (Guangdong Province, China). The mineral comprising these
glass sands is mainly silicon dioxide, and the specific gravity and
Mohs hardness are 2.45 and 6, respectively. Four groups of CG
sands with D50∈ [1.001, 0.782, 0.388, 0.227] mm, and five groups
of GB sands with D50∈ [0.836, 0.747, 0.561, 0.374, 0.181] mm
were prepared through sieving. The gradation in the four groups
of CG sands was similar, with an average Cu of 1.6, and with the
five groups of GB sands also possessing the same gradation, with
an average Cu of 1.1. Figs. 1(a and b) illustrate the particle size dis-
tributions of the CG and GB sands in terms of the minimum Feret
diameter, as recommended by Altuhafi et al. (2013). Figs. 1(c–f)
present the variations in three shape parameters, including the as-
pect ratio (AR), convexity (CX), and sphericity (SC) of particles
with different values of D50. Note that AR is expressed as the

ratio of the minimum Feret diameter (DF
min) to the maximum

Feret diameter (DF
max)––that is, AR=DF

min/D
F
max; CX is defined as

the ratio of the projection area (A) and the area of the convex
hull (A+B), formulated as CX=A/(A+B); and SC is the ratio of
the perimeter of the equivalent circle (Peq) to the real perimeter
(Pr), formulated as SC=Peq/Pr. The values of AR, CX, and SC for
all nine glass sands were evaluated as those corresponding to
50% of the accumulative distribution of the particle shape, as
shown in Figs. 1(c–f). The overall regularity (OR) proposed by
Yang and Luo (2015) for the comprehensive assessment of particle
shape was adopted in this study, where OR= (AR+CX+ SC)/3. The
values of OR were 0.782, 0.779, 0.781, and 0.781 corresponding to
D50= 1.001, 0.782, 0.388, and 0.227 mm for the CG sands, and
0.935, 0.935, 0.934, 0.929, and 0.911 corresponding to D50=
0.836, 0.747, 0.561, 0.374, and 0.181 mm for the GB sands. As
shown in Figs. 1(e and f), the distributions of AR and CX in the sub-
rounded GB sands with D50= 0.181 mm are significantly broader
than those of other rounded GB sands, indicating the presence of
oblong particles, resulting from manufacturing-induced imperfec-
tions, including the bonding of small beads to larger beads. The re-
maining four rounded glass sands, each with similar Cu, AR, CX, SC,
and OR, were investigated to obtain an appropriate assessment of
the effect of particle size on the strength and dilatancy of the

(a)

(b) (e)

(f)(c)

(d)

(h)

(i)

(g)

(k)

(l)

( j)

Fig. 1. Basic properties of CG and GB sands: (a and b) particle size distribution; (c–f) distribution of particle shape parameters; (g and h) variations in
maximum and minimum void ratios; and (i–l) differences in particle characteristics with specimen height after testing.

© ASCE 04023117-3 Int. J. Geomech.

 Int. J. Geomech., 2023, 23(8): 04023117 

 T
hi

s 
w

or
k 

is
 m

ad
e 

av
ai

la
bl

e 
un

de
r 

th
e 

te
rm

s 
of

 th
e 

C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

4.
0 

In
te

rn
at

io
na

l l
ic

en
se

. 



sands in the absence of other contributing variables, such as particle
gradation and shape, which also applies to the other four angular
glass sands. The maximum, emax, and minimum, emin, void ratios
of these materials were determined in accordance with ASTM stan-
dards (ASTM 2016a, b). As shown in Figs. 1(g and h), the emax and
emin of the CG sands decreased with increasing particle size, similar
to the observations reported by Miura et al. (1998) and Cubrinovski
and Ishihara (2002). It was noted that the emax and emin of the GB
sands exhibited little sensitivity to particle size, as has also been ob-
served by other researchers (Graton and Fraser 1935; Lade et al.
1998). Furthermore, the emax and emin increased with increasing an-
gularity, consistent with the tendencies reported by Cho et al.
(2006) and Xiao et al. (2019a). All particle size distribution and
particle shape parameter measurements were performed using a
Quick-Picture (QICPIC) instrument (Sympatec, Clausthal-
Zellerfeld, Germany). A series of strain-controlled, consolidated,
drained triaxial tests were performed using a triaxial apparatus
(Global Digital Systems, Ltd., Hook, UK). All specimens with a di-
ameter of 39.1 mm and a height of 80 mm were prepared to achieve
an initial relative density of 60% using the moist tamping under-
compaction method (Ladd 1978), with de-aired water at a 5%
water content (by weight) and compacted in the mold using six lay-
ers. Once the top cap was placed on the specimen, the mold was
removed using a vacuum of 10 kPa applied to the sample. Then,
the specimen was placed in a triaxial cell that was filled with
de-aired water, and was later saturated at a 20 kPa effective confin-
ing stress, equal to the difference between the cell pressure and the
back pressure, which were raised in uniform increments until the
measured B-value was greater than or equal to 0.98. Thereafter,
the sample was subjected to a given effective consolidation pres-
sure (e.g., σ′3c = 0.05, 0.1, 0.2, and 0.4 MPa) and was sheared at a
rate of vertical displacement of 0.18 mm/min. Given that specimen
uniformity and particle breakage following shear can influence the
interpretation of the test results (Indraratna et al. 1998; Tarantino
and Hyde 2005), the effect of specimen uniformity was investi-
gated, following the previous studies of Zhang et al. (2018) and
Xiao et al. (2019a). Figs. 1(i–l) present the cumulative distributions
of the particle size and particle shape parameters derived from the
six lifts (i.e., Layers 1–6, from the top to the bottom of the speci-
mens) before and after the triaxial tests, including specimens of
the angular CG sands with D50= 0.782 mm and the rounded GB
sands with D50= 0.747 mm, tested at σ′3c = 0.4 MPa. The postshear
cumulative distributions of particle size––AR, CX, and SC––for each
compaction lift were nearly identical to the preshear cumulative
distributions, indicating uniformity of the specimen and a lack of
particle breakage during shear.

Test Results on Stress–Strain Relationship

Figs. 2(a–p) present the stress–strain relationships of the angular
CG and rounded GB sands with a given D50 at σ′3c = 0.05, 0.1,
0.2, and 0.4 MPa. The deviatoric stress, stress ratio, axial strain,
and volumetric strain are denoted as q, η, εa, and εv, respectively.
All of the angular CG and rounded GB sands in the initially
medium-dense state exhibited strain softening to some degree. For
the angular CG sands with different values of D50, Figs. 2(a–d)
show that an increase in σ′3c at a given εa resulted in an increase
in q. The axial strain (εamax) corresponding to the maximum devia-
toric stress (qmax) increased with an increase in σ′3c, which can also
be clearly observed in Figs. 2(e–h), where the εa corresponding to
the qmax was identical to that corresponding to the maximum stress
ratio (ηmax). Also, Figs. 2(e–h) show that the ηmax of the angular
CG sand specimens increased with a decrease in σ′3c. These

observations are consistent with the typical stress–dilatancy charac-
teristics observed in natural sands (Salgado et al. 2000; Guo and Su
2007; Deng et al. 2021).,The rounded GB sands at a higher σ′3c, as
shown in Figs. 2(i–l), exhibited more strain softening than the an-
gular CG sands, although the rounded GB sands possessed the
same behavior with the variation in q with σ′3c at a given εa. It
was also noted that the ηmax slightly increased with increasing
σ′3c in the rounded GB sands, as shown in Figs. 2(m–p), which is
opposite to the angular CG sands, as shown in Figs. 2(e–h). For ex-
ample, an increase in σ′3c from 0.05 to 0.4 MPa in the angular CG
sands with D50= 1.001 mm led to a decline in the ηmax, from 1.86
to 1.54, whereas the comparable rounded GB sands with D50=
0.836 mm resulted in a slight rise in the ηmax, from 0.97 to 1.06,
over the same range in σ′3c. Also, the variation in εamax with σ′3c
was marginal for the rounded GB sands, which was also different
from the angular CG sands. It appears that the rounded GB sands
were less sensitive to σ′3c. Furthermore, the rounded GB sands ex-
hibited stick–slip behavior during shear, as has previously been re-
ported (Adjemian and Evesque 2004; Alshibli and Roussel 2006;
Cui et al. 2017; Wu et al. 2017), which appears to have increased
in amplitude with increasing σ′3c [Figs. 2(i–l)]. For example, the
maximum stick–slip reduction in deviatoric stress was 0.008,
0.016, 0.034, and 0.076 MPa for σ′3c = 0.05, 0.1, 0.2, and
0.4 MPa, respectively, in the rounded GB sands with D50=
0.747 mm. Figs. 3(a–p) show the stress–strain relation of the angu-
lar CG and rounded GB sands for different values of D50 at a given
σ′3c. An increase in D50 in the angular CG sands resulted in a minor
increase in the qmax and ηmax at a low value of σ′3c, as presented in
Figs. 3(a–h), with a minor, albeit opposite, trend at the high value
of σ′3c. For example, increasing the D50 of the angular CG sands
from 0.227 to 1.001 mm at σ′3c = 0.05 MPa led to a small increase
in the qmax, from 0.231 to 0.245 MPa, and the ηmax, from 1.82 to
1.86. At σ′3c = 0.4 MPa, an increase in the D50 of the angular CG
sands, from 0.227 to 1.001 mm, resulted in a small reduction in
the qmax, from 1.32 to 1.27 MPa, and the ηmax, from 1.57 to
1.54. By contrast, the rounded GB sands exhibited a consistent
trend, where an increase in the D50 at a given σ′3c resulted in a
small increase in the qmax, ηmax, and residual deviatoric stress, qrs
(corresponding to εa ≈ 30%), as shown in Figs. 3(i–p). For a
given D50, variations in εv with εa were compared for different val-
ues of σ′3c, as shown in Figs. 4(a–d) for the angular CG sands and in
Figs. 4(e–h) for the rounded GB sands, whereas the effect ofD50 on
the εv − εa relationship at a given σ′3c is presented in Figs. 4(i–l) for
the angular CG sands and Figs. 4(m–p) for the rounded GB sands.
The angular CG sands exhibited a notable suppression in dilation as
σ′3c increased, whereas the rounded GB sands appear to have been
relatively insensitive to σ′3c over its investigated range. Theses
volume-change observations are consistent with the large differ-
ence in ηmax observed for the angular CG sands for different values
of σ′3c in Figs. 2(e–h) and the small difference in ηmax for the
rounded GB sands in Figs. 2(m–p), as mentioned above. Further-
more, the difference in the εv − εa relationship for different values
of D50 was notable for the angular CG sands [Figs. 4(i–l)], whereas
the difference was smaller for the rounded GB sands [Figs. 4(m–p)].
For example, the residual volumetric strain (εvrs, corresponding to εa
≈30%) at σ′3c = 0.05 MPa changed from−9.0% to−11.3% in the an-
gular CG sands with an increase inD50 from 0.227 to 1.001 mm, and
from −3.1% to−4.0% in the rounded GB sands with increasingD50

from 0.374 to 0.836 mm, respectively. The absolute values for the
maximum difference in εvrs were 2.3% for the angular CG sands at
σ′3c = 0.05 MPa, but only 0.9% for the rounded GB sands. These ob-
servations are similar for other magnitudes of σ′3c.

Figs. 5(a–h) compare the stress–strain and volumetric responses
of the angular CG and rounded GB sands with similar particle size
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(e.g., the angular CG sands with D50= 0.782 mm versus the
rounded GB sands with D50= 0.747 mm) that sheared at the
same σ′3c in order to demonstrate the isolated role of particle
shape. The results clearly indicate that the improved particle inter-
locking associated with the highly angular CG sands served to dra-
matically increase the shear strength. For example, the values of
qmax and qrs at σ′3c = 0.4 MPa were 1.289 and 1.155 MPa, respec-
tively, for the angular CG sands, and these are much higher than
those (i.e., 0.636 and 0.452 MPa, respectively) for the rounded
GB sands. The highly angular CG sands exhibited twice the qmax

of the rounded GB sands, while exhibiting significantly greater ini-
tial contraction and smaller dilation at σ′3c = 0.4 MPa. The differ-
ence in the qmax between the angular CG and rounded GB sands
with similar diameter at σ′3c = 0.05 MPa was even greater (i.e., ap-
proximately 3.3 times higher) because the dilative response of the
angular CG sands was not effectively suppressed under the low
confining pressure. The test results for the angular CG sands with
D50= 0.388 mm and the rounded GB sands with D50= 0.374 mm
were plotted and are compared in Figs. 5(i–p), which shows the
same trends in the responses of qmax and εv as those described
for glass sands with larger diameters in Figs. 5(a–h). The angular

CG sands exhibited greater dilation than the rounded GB sands
at low σ′3c, with greater suppression of dilation under higher confin-
ing pressures, while maintaining greater shear strength (e.g., qmax=
0.232 MPa for the angular CG sands vs. qmax= 0.067 MPa for the
rounded GB sands at σ′3c = 0.05 MPa; and qmax= 1.323 MPa for
the angular CG sands vs. qmax= 0.589 MPa for the rounded GB
sands at σ′3c = 0.4 MPa). These results clearly point to the role of
particle shape in enhancing particle interlocking despite the in-
creased suppression of dilation under large values of σ′3c. It can
also be observed that the angular CG sands required a larger
value of εamax to reach the maximum shear resistance compared
with the rounded GB sands for the same relative density and similar
particle size. Furthermore, these angular particles exhibited reduced
strain softening, confirming the observations of Guo and Su (2007).
Figs. 5(i–p) also present the different mechanical responses exhib-
ited by the rounded and subrounded GB sands with D50= 0.374
and 0.181 mm, respectively. As mentioned previously, differences
in the D50 led to only marginal changes in the shear strength and
dilation, particularly when the difference in D50 was limited. The
notable differences in the stress–strain and volumetric strain re-
sponses between the rounded and subrounded GB sands, with the

(a)

(b)

(c)

(d)

(e)

(f )

(g)

(h)

(i)

( j)

(k)

(l)

(m)

(n)

(o)

(p)

Fig. 2. Evolution of the stress–strain relationship from monotonic drained triaxial shear tests for different values of σ′3c: (a–h) responses of the angular
CG sands for a given D50; and (i–p) responses of the rounded GB sands for a given D50.
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subrounded GB sands exhibiting larger qmax, qrs, and εvrs than the
rounded GB sands, may be attributed to the small difference in par-
ticle shape.

Stress–Dilatancy Responses and Discussion

Based on previous studies (De Josselin De Jong 1976; Salgado
et al. 2000), the maximum friction angle used in this study was de-
fined as ϕ′

max = arcsin [(nmax − 1)/(nmax + 1)], where nmax = maxi-
mum ratio of the major principal effective stress to the minor
principal effective stress; and the maximum dilation angle is de-
fined as ψmax = arcsin [−mmax/(2 − mmax)], where mmax = maxi-
mum ratio of the volumetric strain increment to the axial strain
increment. All test data on strength and dilatancy for the angular
CG and rounded GB sands in the present study are shown in
Figs. 6(a–i). Fig. 6(a) presents the variations in ϕ′

max with D50

and σ′3c for the angular CG sands, which indicates that a decrease
in σ′3c led to a significant increase in the ϕ′

max of the angular CG
sands, from approximately 38° at σ′3c = 0.4 MPa to over 44° at
σ′3c = 0.05 MPa. By contrast, an increase in σ′3c led to a small, but
somewhat notable, increase in the ϕ′

max of the rounded GB sands

[Fig. 6(b)]. For the angular CG sands, the ϕ′
max increased slightly

with increasing D50 at low values of σ′3c, but decreased marginally
at high values of σ′3c [Fig. 6(a)]. For example, the ϕ′

max increased
slightly, from 44.3° to 45.2°, with D50 increasing from 0.227 to
1.001 mm at σ′3c = 0.05 MPa, whereas the ϕ′

max decreased slightly,
from 38.5° to 37.8°, as the D50 increased from 0.227 to 1.001 mm
at σ′3c = 0.4 MPa. The maximum difference in the ϕ′

max at a given
σ′3c was no more than 0.9° for the angular CG sands over the
range in D50. However, the rounded GB sands exhibited an in-
crease in ϕ′

max with increasing D50 at all given confining pressures
[Fig. 6(b)], with the maximum difference in ϕ′

max being 0.8° to 1.7°
over the range of D50 values investigated. Figs. 6(c and d) present
the experimentally derived surfaces for the ψmax over the ranges in
D50 and σ′3c for the angular CG and rounded GB sands, respec-
tively. For the angular CG sands in Fig. 6(c), the ψmax increased
with decreasing σ′3c, indicating that the contribution of ψmax to
ϕ′
max increased with decreasing σ′3c, which was verified from

Fig. 6(a). By contrast, the ψmax increased with increasing σ′3c in
the rounded GB sands [Fig. 6(d)], which explains, in part, the in-
creased ϕ′

max with σ′3c described in Fig. 6(b). In addition, increases
in theD50 led to increases in the ψmax for both of the sands, which is
in line with previously reported test results (Bagherzadeh-

(a)

(b)

(c)

(d)

(e)

(f )

(g)

(h)

(i)

( j)

(k)

(l)

(m)

(n)

(o)

(p)

Fig. 3. Evolution of the stress–strain relationship from monotonic drained triaxial shear tests for different values of D50: (a–h) responses of the an-
gular CG sands for a given σ′3c; and (i–p) responses of the rounded GB sands for a given σ′3c.
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Khalkhali and Mirghasemi 2009; Hamidi et al. 2012; Dai et al.
2016; Ari and Akbulut 2022). For instance, the ψmax of the angular
CG sands shown in Fig. 6(c) increased from 11.0° to 14.7° as the
D50 increased from 0.227 to 1.001 mm at σ′3c = 0.05 MPa. For
the angular CG sands, the maximum difference in the ψmax at a
given σ′3c decreased from 3.7° to 1.3° as σ′3c increased from 0.05
to 0.4 MPa, while the maximum difference in the ψmax for the
rounded GB sands was 1.7° at σ′3c = 0.4 MPa. Therefore, the sur-
face describing the variation in ψmax with σ′3c and D50 for the
rounded GB sands [Fig. 6(d)] is significantly less curved than
that for the angular CG sands [Fig. 6(c)]. Despite the εa being up
to 30%, the triaxial specimens may not have achieved the critical
state owing to the slight nonzero rate of volumetric strain observed
in many of the tests, especially in the angular CG sands shown in
Fig. 4. Based on the studies by Vaid and Sasitharan (1992),
Amirpour Harehdasht et al. (2017), Xiao et al. (2019a), and Arda
and Cinicioglu (2021), the intercept of the empirical stress–
dilatancy relationship for sands, proposed by Bolton (1986), can
be interpreted as ϕ′

cs, which can be expressed as ϕ′
max =ϕ′

cs + χd
ψmax and ϕ′

ex =ϕ′
max −ϕ′

cs, where χd = dilatancy coefficient; and
ϕ′
ex = excess friction angle. Figs. 6(e and f) illustrate the responses

between ϕ′
max, D50, and ψmax for the angular CG and rounded GB

sands, respectively. The slope of the fitted stress–dilatancy equa-
tion was 0.67 for the angular CG and rounded GB sands for all val-
ues of D50, which indicates that the dilatancy coefficient, χd, is
largely independent of particle size and shape. Similar magnitudes
of χd, ranging from 0.6 to 0.7, have also been reported in other stud-
ies (Guo and Su 2007; Dai et al. 2016; Giampa et al. 2017; Giampa
and Bradshaw 2018; Amirpour Harehdasht et al. 2019; Arda and
Cinicioglu 2021). The calculated critical-state friction angle
(ϕ′

cs−cal) for the angular CG sands, computed using Bolton’s
stress–dilatancy equation, was equal to 36.8°, 36.3°, 35.7°, and
35.5° for D50= 0.227, 0.388, 0.782, and 1.001 mm, respectively,
indicating a slight decrease in ϕ′

cs−cal with increasing D50, which
is in line with the finding by Vangla and Latha (2015) for angular
sands. By contrast, in the rounded GB sands [Fig. 6(f)], the ϕ′

cs−cal
increased slightly (e.g., 20.2° to 20.8°) with increasing D50, from
0.374 to 0.836 mm. This phenomenon was also discovered by
Dai et al. (2016) in rounded glass beads. The maximum difference
in ϕ′

cs was 1.3° for the angular CG sands with the D50 ranging from
0.227 to 1.001 mm, and 0.6° for the rounded GB sands with theD50

ranging from 0.374 to 0.836 mm, respectively. These differences
are much smaller than those reported by Vangla and Latha
(2015) and Dai et al. (2016). Therefore, the effect of particle size

(a)

(b)

(c)

(d)

(e)

(f )

(g)

(h)

(i)

( j)

(k)

(l)

(m)

(n)

(o)

(p)

Fig. 4. Evolution of the volumetric deformation of the angular CG and rounded GB sands frommonotonic drained triaxial shear tests: (a–h) responses
for a given D50 for different values of σ′3c; and (i–p) responses for different values of D50 for a given σ′3c.
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on ϕ′
cs can be neglected, similarly to the effect of gradation on ϕ′

cs
(Yang and Luo 2018), although gradation can trigger liquefaction
and the position of the critical-state line in the compression
plane. Particle shape, however, is a significant factor affecting ϕ′

cs.
The observed critical-state friction angle, ϕ′

cs−obs, inferred from the
slope of the stress path in the q− p′ plane in the residual state cor-
responding to εa ≈ 30%, can be computed, assuming that the speci-
men nearly achieved the critical state. Also, based on the work by
Schofield and Wroth (1968), its expression can be given as
ϕ′
cs−obs = arcsin [3ηrs/(6 + ηrs)], where ηrs = stress ratio at the re-

sidual state. This method facilitates a comparison of the two esti-
mates of ϕ′

ex for each glass sand. The variations in ϕ′
ex with D50

and σ′3c for the angular CG and rounded GB sands are presented
in Figs. 6(g and h), respectively. As shown in Fig. 6(g), the ϕ′

ex cal-
culated using ϕ′

cs−cal for the angular CG sands was larger than that
computed using ϕ′

cs−obs, similar to the result obtained for the
rounded GB sands shown in Fig. 6(h). Obviously, this observation
can be explained by the triaxial specimens not having achieved the
critical state. However, this comparison did validate the reliability
of ϕ′

cs obtained from Bolton’s stress–dilatancy equation. Fig. 6(i)
presents the relationship between ϕ′

ex and ψmax for all glass sands
with different values of D50, where all these data projected in the

ϕ′
ex −ψmax plane can be linearly fitted by Bolton’s stress–dilatancy

equation. This phenomenon further indicates that the coefficient of
Bolton’s stress–dilatancy equation is constant for these glass sands
over the range in D50 values investigated (with R2= 0.998).

Based on the particle-scale mechanism viewpoint (Oda 1972;
Iwashita and Oda 2000), and components of the shear strength of
sands (Guo and Su 2007), interparticle locking restrains relative
sliding and rotation between particles in sands, which could help
in forming a series of parallel particle columns, and thereby the
main stress chains to support external loads. The particle columns
became shorter as εa increased, such that some particles needed to
be released from the particle columns during shear. It was noted
that the interparticle locking capability was much higher in the an-
gular CG sands than in the rounded GB sands. Therefore, the
rounded particles slipped and were released from the particle col-
umns more readily than the angular particles during shear, and
the parallel particle columns composed of angular particles were
more stable than those formed by rounded particles, implying
that the shear strength of the angular CG sands was higher than
that of the rounded GB sands, as indicated in Figs. 6(a and b).
The effective diameter of the particle columns formed by the angu-
lar particles may have been larger than those formed by the rounded

(a)

(b)

(c)

(d)

(e)

(f )

(g)

(h)

(i)

( j)

(k)

(l)

(m)

(n)

(o)

(p)

Fig. 5. Comparisons of the stress–strain relationships for the angular CG and subrounded/rounded GB sands from monotonic drained triaxial shear
tests: (a–h) responses for D50= 0.747–0.782 mm; and (i–p) responses for D50= 0.181–0.388 mm.
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particles, and the stability of the particle columns were higher for
the angular CG sands than for the rounded GB sands. This suggests
that the dilation of the angular CG sands during shearing should be
higher than that of the rounded GB sands. However, as the confin-
ing pressure increased, the diameter and instability of the particle
columns were more effectively suppressed for the angular CG
sands than for the rounded GB sands. Consequently, the ψmax of
the angular CG sands at σ′3c = 0.4 MPa was smaller than that of
the rounded GB sands. Furthermore, the diameter of the effective
particle columns could have increased, whereas the number of
the effective particle columns could have decreased, as particle
size increased, with the combined effect leading to a marginal to
somewhat considerable increase in ϕ′

max and ψmax at different levels
of σ′3c as the particle size increased, as shown in Figs. 6(a–d). No-
tably, increasing σ′3c could effectively overwhelm the formation
and deformation of particle columns composed of angular particles,
with a different trend for ϕ′

max versus D50 in the angular CG sands
being observed for σ′3c = 0.4 MPa, as shown in Fig. 6(a). However,
the maximum difference in ϕ′

max was as low as 0.7° for the angular
CG sands at σ′3c = 0.4 MPa. Therefore, in this study, we have dem-
onstrated that, while particle size can contribute to differences in

the shear strength and dilatancy responses of sands, the effect is
marginal. Nevertheless, it is particle shape that strongly contributes
to differences in the shear strength and dilation responses of sands.
The angular CG sands possessed higher ϕ′

max and ψmax than the
rounded GB sands (except for at σ′3c = 0.4 MPa), as well as ϕ′

cs.
For example, for D50= 0.782 mm, the ϕ′

cs−cal (=35.7°) of the angu-
lar CG sands was 1.7 times larger than that of the rounded GB
sands for similar D50 (ϕ′

cs−cal = 20.7°, D50= 0.747 mm), whereas
the difference in OR was large (OR= 0.779 and 0.935 for the angu-
lar CG and rounded GB sands, respectively). In another example,
using a smaller D50, the ϕ′

cs−cal for the angular CG sands was 1.8
times larger than that of the rounded GB sands for D50= 0.388
and 0.374 mm, respectively. However, the corresponding OR was
significantly different, with OR= 0.781 and 0.929 for the angular
CG and rounded GB sands, respectively. These findings are gener-
ally consistent with the results from previous studies (Suh et al.
2017; Sarkar et al. 2019; Lashkari et al. 2020; Arda and Cinicioglu
2021; Deng et al. 2021; Shi et al. 2021; Wang et al. 2021; Wu et al.
2021b; Nie et al. 2022). For instance, Yang and Luo (2018) sug-
gested a linear reduction in ϕ′

cs with OR for Fujian sand mixed
with different percentages of the CG and GB sands. Alshibli and

(a)

(b)

(c)

(d)

(e)

(f )

(g)

(h)

(i)

Fig. 6. Responses of the angular CG and rounded GB sands at the maximum stress state: (a–d) variations in observed friction and dilatancy angles;
(e and f) stress–dilatancy relationship; and (g–i) comparisons between the calculated and observed friction angle.
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Cil (2018) found that the ϕ′
cs of the GB sands was smaller than

those of Ottawa sand and Columbia grout sand, for example, al-
though the values of ϕ′

cs for the GB sands were notably larger
than those of the GB sands in this study or in other studies (Cho
et al. 2006; Altuhafi et al. 2016; Amirpour Harehdasht et al.
2017; Wu et al. 2017; Sarkar et al. 2019; Xiao et al. 2019a).
Deng et al. (2021) also confirmed that the ϕ′

cs of Pasabahce silica
sand decreases linearly with an increase in roundness. Therefore,
our final conclusions regarding whether or not particle size affects
the shear strength and dilatancy of sands are limited due to the
range in particle sizes in the present study. A wider suite of labora-
tory tests on sands with a larger range of particle sizes for a given
particle shape will be necessary to establish whether or not the
strength of sands is influenced by particle size.

Conclusions and Remarks

A series of deliberately designed triaxial tests were conducted on
CG and GB sands to introduce the effects of particle size and par-
ticle shape on the strength and dilatancy of the sands. The maxi-
mum and minimum void ratios (emax and emin) were significantly
affected by particle shape. The angular CG sands exhibited a
much larger emax and emin than the subrounded/rounded GB
sands. With increasing mean particle size, D50, both the emax and
emin of the angular CG sands decreased while those of the rounded
GB sands showed no evident changes. All CG and GB sands at an
initial relative density of 60% showed typical strain-softening and
dilative behaviors for confining pressures (σ′3c) from 0.05 to
0.4 MPa. In addition, the angular CG sands exhibited a dramatic
variation in both their stress–strain relationship and volumetric re-
sponse with different confining pressures, whereas the rounded GB
sands showed a more obvious stick–slip behavior and a nearly
constant dilative behavior with increasing confining pressure.
Under other similar test conditions, an increase in D50 led to an ev-
ident increase in the maximum dilatancy angle (ψmax) and volume
expansion in the residual state (|εvrs|) in the angular CG sands, but
only a slight increase in the ψmax and |εvrs| in the rounded GB sands.
However, as the D50 increased, the maximum friction angle (ϕ′

max)
of the angular CG sands increased at σ′3c ≤ 0.1 MPa, but decreased
at σ′3c ≥ 0.2 MPa, and the critical-state friction angle (ϕ′

cs) of the an-
gular CG sands was found to decrease, whereas both the ϕ′

max and
ϕ′
cs of the rounded GB sands exhibited a marginal increase. In ad-

dition, the effect of particle shape on the stress–dilatancy responses
of medium-dense glass sands was further established. At a given
σ′3c and similar D50, the order of values of ϕ′

max and ϕ′
cs was

rounded GB sands < subrounded GB sands < angular CG sands,
corresponding to a decreasing overall regularity, OR. Bolton’s
stress–dilatancy equation was examined for the angular CG and
rounded GB sands, where the slope (i.e., the dilatancy coefficient)
was constant for different values of D50 and OR, but the intercept
(i.e., the calculated critical-state friction angle) varied slightly
with D50.
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